We present a review on Lagrangian models admitting spherically symmetric regular black holes, and cosmological bounce solutions. Non-linear electrodynamics, non-polynomial gravity, and fluid approaches are explained in details. They consist respectively in a gauge invariant generalization of the Maxwell Lagrangian, in modifications of the Einstein-Hilbert action via non-polynomial curvature invariants, and finally in the reconstruction of density profiles able to cure the central singularity of black holes. The non-polynomial gravity curvature invariants have the special property to be second order and polynomial in the metric field, in spherically symmetric spacetimes. Along the way, other models and results are discussed, and some general properties that regular black holes should satisfy are mentioned. A covariant Sakharov criterion for the absence of singularities in dynamical spherically symmetric spacetimes is also proposed and checked for some examples of such regular metric fields.
Introduction
General Relativity (GR) has passed, up to now, every experimental tests. The last ones being the prediction of the wave-forms of gravitational waves coming from the merger of two black holes (BH) [1] , and two Neutron stars [2] , detected by the LIGO-VIRGO collaboration. Since the first detection, many other BH-BH mergers have been detected, all of them in agreement with General Relativity [3] [4] [5] [6] .
However, this theory is also plagued by singularities [7] [8] [9] , that indicate the breakdown of its predictivity at very small distances, and in the very early universe, i.e. at the center of black holes and around the time of the big bang. Paradigmatic examples are the static Schwarzschild metric and its rotating and charged generalizations, as well as the GR solution with ordinary matter or radiation in a Friedmann-Lemaître-Robertson-Walker (FLRW) spacetime.
Fortunately, such an ultraviolet catastrophe has already been encountered with the classical model of the hydrogen atom, where it was found that quantum mechanics solve the issue. For this reason, it is widely expected that a complete theory of quantum gravity should solve the singularity issue of General Relativity.
Assuming this to be true, two options are available to investigate the issue. Either there exists, like for the hydrogen atom [10, 11] , a semi-classical effective description of black holes and early times of the universe that are singularity free, or one needs a full non-perturbative theory of quantum gravity to resolve the singularity issue, in which case, it is possible that no effective metric descriptions would be available.
Given that we do not have yet a consensual theory of quantum gravity, we will focus in this review on effective description of singularity free black holes, usually referred to as non-singular, or regular black holes (RBHs), and singularity free homogeneous and isotropic universes. Note however that there are already a number of proposals emerging directly from quantum gravity approaches (see for example [12] [13] [14] [15] [16] [17] [18] [19] [20] ).
The first attempt to regularize a black hole metric was done by Duan in 1954 [21] , while the first example of RBH was proposed by Bardeen during the GR5 conference fourteen years later [22] and since then many other examples have been provided.
There are many possible roads, within an effective metric setting, to remove the singularity from Schwarzschild black hole.
First of all, one should choose a particular definition of singularity, either as geodesic incompleteness, in what case some effective wormhole metrics have been found to solve the problem [23] [24] [25] [26] , or one can focus on the regularity of curvature invariants, what leads to effective metric fields describing regular black holes. This is the approach we are considering here, and a non-exhaustive list of works on these RBHs includes . Each of these papers deals with an asymptotic Schwarzschild behavior, either when the observer is far from the source, or when the deformation parameters are vanishing, while at the centre, a (anti) de Sitter core is present, replacing the singularity. This is a sufficient condition to regularize the metric, known as Sakharov criterion [66] : namely the stress energy tensor reads T µν ≃ Λ 0 g µν near the origin, where Λ 0 is an effective cosmological constant. Note that, as shown in [25] , there exists some particular metric fields where these two definitions are incompatible, namely, where the spacetime is geodesically complete, but where invariants are singular, and reciprocally.
In the Appendix, a generalized covariant criterion is formulated, with a brief review on the spacetimes singularity issues. This criterion works both for static and dynamical spherically symmetric spacetimes, and is related to the so-called Limiting Curvature Conjecture [29, 41, 67] .
For the sake of completeness, remark that these two ways of removing the singularity by static regular metric fields are not necessary. Indeed, one can also study directly gravitational collapse [68] [69] [70] [71] [72] [73] [74] [75] , with quantum-like corrections either in the matter sector, or in the curvature one. In both cases, the resulting singularity-free spacetime might be different from either static wormholes, or static regular black holes with (A)dS cores, for example, it might describe a dynamical bounce. In this view, static RBHs might be only a particular regime of these more physically complete spacetimes.
In all these cases, a side-effect of removing the singularity is expected to be also a dissolution of the information loss paradox (see [76] [77] [78] and references therein) : if matter is not destroyed by the singularity inside a black hole, either it can directly goes out (after a long time for the external observer) via a bounce [17, [71] [72] [73] [74] [75] , or via evaporation [40, 58] or finally be locked inside in the form of a regular stable extremal remnant [78] [79] [80] [81] [82] [83] [84] , that might wait for a non-perturbative effect to release its matter content. Note that this last possibility might also be a candidate for dark matter [84] [85] [86] .
In this review, we will focus on corrections to General Relativity arising from Lagrangian based models, in Section 1. and 2., and from an effective fluid description, in Section 3., that can also be seen as coming from an unknown Lagrangian. Other approaches not based on a Lagrangian to deal with singularities are for example [87] [88] [89] [90] [91] [92] [93] .
There are three main possibilities to modify the action of General Relativity (that are not mutually incompatible), and RBHs have been found in all of these : either one modifies the matter sector, in the form of a minimal [31] , or non-minimal coupling with gravity [94] [95] [96] [97] [98] [99] [100] [101] , or one modifies directly the geometrical sector. Usually, non-minimally coupled additional fields can be seen either as matter fields or as new gravitational degrees of freedom, depending on the context, and sometimes, depending only on the conformal frame we are looking in, the paradigmatic example being F (R) gravity [102] .
The first one, that we study in Section 1 and Section 3 has been followed by the majority of the papers, and it involves a modification of the stress-energy tensor in the form of exotic matter. It is indeed the simplest one, although it has to deal with a major problem. Indeed, the general solution of such approach typically contains a singular term C/r, coming from the integration of the Einstein Equations. It is then possible to achieve a regular black hole, as soon as one is able to use a suitable physical boundary condition in order to rid off this term. With regard to this issue, see [103] . In our previous paper [63] , we argued that the presence of an integration constant C is a mathematical fact that cannot be avoided; a possible way to deal with this issue is presented in [104] . Of course, it remains possible to require the regularity of the solution in order to get rid of this singular term.
In Section 1. we will see a modification of the matter part, in the form of Non-linear Electrodynamics (NED) Lagrangians minimally coupled to gravity [30, 32, 45, 46, 51] . This particular approach has been developed in the late '90 by E. Ayon-Beato and A. Garcia. They proposed a scheme to generate (even regular) solutions from a NED Lagrangian minimally coupled to the standard Lagrangian of GR [56] . They successfully applied their scheme to build up a modified Reissner-Nordström, Bardeen-like, solution, later identified as a magnetic monopole solution [105] . Their scheme was later generalized by I. Dymnikova [32] for spherical and static solutions. Further properties can be found in [106] . Unfortunately, this approach is very difficult to be implemented in practice and very rarely, at Lagrangian level, one gets full analytic results. For this reason, the so called dual P approach [33] has been proposed, in which central role is not played by the NED Lagrangian.
In Section 2. we will focus on corrections to the geometrical sector able to find regular black holes without specific and regular matter distributions, i.e. able to cure the singularity arising from a point-like mass [35, 37, 39, 43] . More precisely, we will deal with Non-polynomial gravity (NPG), see [107] for the origin of the approach, and [108] for RBHs.
This approach can be seen as a generalization of Lovelock-Lanczos gravity [109, 110] and QuasiTopological gravity [111] [112] [113] [114] [115] [116] [117] [118] , in the sense that the polynomiality and 2sd order equations of motion are required only for specific spacetimes, here, spherically symmetric or cosmological ones. Therefore, the curvature invariants involved in the NPG corrections are non-polynomial for general metric fields, but nonetheless polynomial in spherically symmetric spacetimes. We will see by reviewing the results of [108] , that a minimal second order generalization of Einstein gravity in spherical symmetry leads quite simply to RBHs solutions, and that the first and second corrections to Einstein-Hilbert action give respectively the Poisson-Israel [119] and Non-minimal Einstein-Yang-Mills (NMYM) [100, 101] regular black hole solutions. This last corresponds to a non-minimal coupling to gravity of a SU (2) Y-M field in a Wu-Yang monopole configuration [99] .
In this section, we will also review some basic properties that a physical regular black hole is expected to satisfy. To deal with these constraints, a NPG unified approach and its relation with generic two dimensionally reduced models [37, [120] [121] [122] [123] are reviewed. It consists in a 4D generalization of the very general 2D dilaton gravity model, presented in [37] , where a subclass was the so-called Lovelock Designer models, a generalization of Lovelock-Lanczos gravity in spherically symmetric spacetimes, able to produce quite simply regular black holes. Finally, we will also present a cosmological NPG model, found in [124] , that is a generalization of Lovelock-Lanczos gravity in FLRW, and that is able to reproduce the loop quantum cosmology bounce solution [125] [126] [127] [128] . See also [125] [126] [127] [129] [130] [131] [132] [133] [134] [135] [136] [137] [138] [139] [140] [141] [142] [143] [144] [145] [146] [147] for other approaches able to cure the big bang singularity.
Non Linear Electrodynamics
We begin our Lagrangian study of regular black holes by presenting a popular and well-known approach to find regular black holes : Non-linear electrodynamics. It enters in the class of models that consider matter fields minimally coupled to Einstein gravity as a possible solution of the singularity issue. In this case, the matter field is an electromagnetic one, with a generalized gauge invariant Lagrangian. This approach has been discussed in several papers, see, for example [32, 33, 56, 106, 148] .
The NED gravitational model is based on the following action
where R is the Ricci scalar, Λ is a cosmological constant, and I = 1 4 F µν F µν is an electromagneticlike tensor and L (I) is a suitable function of it. Recall that F µν = ∂ µ A ν − ∂ ν A µ . We will only deal with gauge invariant quantities, and we put Λ = 0, because its contribution can be easily restored. The equations of motion read G
Another equivalent approach is called dual P approach and it is based on two new gauge invariant quantities [33] 
such that ∇ µ P µν = 0. In the following, we shall make use only of the traditional approach based on equations (2) and (3). Within the static spherically symmetric ansatz, given by
and from (3), one has
We will consider in this section, g(r) = f (r).
Q being a constant of integration. As a result, within this NED approach, one may solve the generalized Maxwell equation. We shall make use of this equation and the (t,t) component of the Einstein equation, which reads
Introducing the more convenient quantity X ≡ Q √ −2I, one may rewrite equation (7) as
Furthermore, we have
Thus, when L (X) is given, then making use of (7), one may obtain ρ = ρ(r). This allows to discuss the problem even within the formalism of a (perfect) fluid (see the last section).
Reconstruction
Here we present a discussion on a quite efficient reconstruction scheme able to produce RBH solutions. Within the NED framework, the Einstein equation, re-written as
gives ρ(r) once f (r) is known. The other two equations are
From the above equations, we get X = −r 3 ρ ′ /2, the prime indicating the radial derivative. As a consequence, one may obtain r = r(X), and, making use of the second equation, L = L (X).
As warm up, let us start from the singular Reissner-Nordström solution
Making use of (11), one has ρ = Q 2 8πr 4 and it is easy to show that the Maxwell Lagrangian is recovered.
As a second less trivial example, let us consider the general solution
where C is an integration constant and A, ξ and H 0 are suitable parameters. This solution is a generalization of black hole solution obtained from a particular Horndeski Lagrangian, namely Einstein gravity with a non minimally coupled scalar field [149] . The effective density can be obtained by (11) , namely
Thus
The Lagrangian can easily be reconstruct, and the result is
From eq. (16) 
The issue if the WEC is satisfied or not by regular and in particular by NED regular solutions has been widely discussed, among others, by I. Dymnikova in [151] and [152] . In particular, [151] finds some conditions a Lagrangian must satisfy, in order to fulfill the WEC. We also recall that the Dominant Energy Condition (DEC) [150] is given by the WEC plus the additional condition ρ − p k ≥ 0.
As a last example, let us start from the following metric,
with B > 0. If C = 0, this is the regular black hole solution proposed by Dymnikova in [153] . The solution is asymptotically flat, and its regular part has de Sitter core and no conical singularity. Let us try to reconstruct the related NED Lagrangian. Again, from (11) , one has
and since B is positive, this density clearly satisfies the WEC. In this case, also DEC is satisfied. Furthermore,
We may re-write it as
and consider r 2 as a function of X, obtained solving an algebraic equation of third order. Once we have the solution, the Lagrangian reads
The final expression can be written explicitly, but it is too complicate, and it will not be written here. However we are able to write L with the simple parametric representation
Finally we conclude this Section with the following remark. One can start with the L given in an implicit form X = G(L ), where G is a smooth known function. Taking the derivative with respect to X, and making use of r
In principle, this gives L as function of r, and the effective density may be computed
with G 0,1,2 suitable constants. Then one has
In order to avoid the presence of conical singularities, one has the constraint G 0 = G 2 1 /2G 2 (see e.g. [154] and references therein). As a consequence, the Lagrangian is determined by the algebraic equation
and one gets
The related general solution reads
To our knowledge, this is a new static spherically symmetric solution. Other solutions can be found with the same technique, the above solution being the simplest one. Moreover, if G 1 and G 2 are negative, the WEC is satisfied. However, since f (r) contains the cubic term r
3
, for large r, the Kretschmann scalar will diverges like r 2 . Thus, it is singular at infinity. It is worth to mention that the covariant version of the Sakharov criterion, that we will discuss in Appendix A, requires the scalar Φ(r) = 1−f (r) r 2
to be bounded for every r: this implies that asymptotically f (r) should go no faster than r 2 for large r. A final remark is in order. Throughout this section, we considered only theories generated by actions of the kind of action (1). In principle, one can use also more complicated actions, as is done in [155] . However this strategy does not appear to be able to cancel the singularity issue in NED, since it is related to the electromagnetic part of the theory − which remains invariant.
Non-polynomial gravity
Now that we have seen a matter-like modification to the Einstein equations that is able to produce regular black holes, we will, in this section, summarize the work of [108] , specializing in 4 dimensions. The details about this approach can be found there. The idea is to extend the results of [107, 124, 156, 157] in which non-polynomial curvature invariants were considered, both in the context of black holes and cosmology, with the motivation of finding effective-like actions in these sectors. By this, we always mean polynomial actions (at least) in the considered class of spacetimes. We will see that lot's of regular black holes can be found via this approach, and that it provides a unified higher dimensional (4D in our case) description of 2D dilaton gravity reduction models, studied for example in [37] and [121] . The bounce solution of loop quantum cosmology can also be found via this approach, as we will explain at the end of this section.
Cotton tensor decomposition : order-0 curvature tensor
We first introduce the Cotton tensor in four dimensions, defined by :
In spherically symmetric spacetimes defined by the interval :
where
, the Cotton tensor obeys an algebraic equation :
providing that σ µν is the four dimensional degenerate metric of the 2-sphere Ω r of radius r. Conversely, defining the following non-polynomial tensor
allows to construct this degenerate metric of Ω r in the following way :
Note that this construction holds in any dimensions d > 3 (see [108] ).
In spacetimes (2), u αβ does not depend on the derivatives of the metric, and thus it is possible to construct curvature scalars from it that are polynomial and second order in (2), and thus, to construct effective-like actions, in a similar way as Lovelock-Lanczos gravity (that is polynomial and second order for any metric) [109, 110] , or Quasi-Topological gravity (that is polynomial for any metric but second order only for spherical symmetry) (see [111] [112] [113] [114] [115] [116] [117] [118] ) for details about these theories). If one sees QTG as a generalization of LLG, then NPG can be thought of as a generalization of this last, in the sense that this approach weakens the background independent polynomiality assumption. Moreover, the origin of Quasi-Topological gravity was found to be a very similar property as (3), but involving the Weyl tensor (see [111, 158] ). Therefore, this new algebraic equation might also give rise to new QTGs.
Note also that, if we are interested by effective-like actions, where the invariants have a definite order, then, from this "order-0" tensor, one can build a large but finite number of new scalars for each order. In this sense, the models and solutions built from property (3) are not reconstructed, but found. For example order-2 scalars are
.. For each order, we could sum them, and study systematically the solutions. However, we will use here a shortcut : we want an effective-like action that is a generalization of the Einstein-Hilbert one in spherically symmetric spacetimes.
Action
In order to do so, recall that in the class of spacetimes (2), r(x) is a scalar field on Σ. Denoting with tildes the covariant derivatives of this manifold, we can write the following well-known 2-dimensional decomposition of the Ricci scalar of the 4-dimensional manifold in (2) (see for example [159] ) :
where R(γ) and R(Ω) are the Ricci scalars of the 2-dimensional manifolds Σ and Ω r , respectively, and we write for any scalar X, its restriction to (2) by X . The idea of this approach is to build a series of higher order corrections to Einstein-Hilbert action from u αβ that keeps for any order the structure of the Ricci scalar R and of the Einstein tensor G µν . To do so, we consider the following action :
where l is a length scale introduced for dimensional reasons, and the scalars R and S i are defined in terms of our non-polynomial tensor u αβ by
and
in such a way that on spacetimes (2) they are :
Therefore, in spacetimes (2), the higher order corrections in action (6) can be interpreted as a sum of powers of the Ricci scalar of the horizon manifold, given by R, multiplied by a suitable scalar S i , which provides the same structure as General Relativity in (2) for any order of corrections i. The precise expression of the coefficients of the scalars S i is explained in details in [108] , and is based on 3 requirements : 1. that the equations of motion have the same structure as the Einstein tensor in spherical symmetry (see equation (15)), 2. the variational problem is well-posed, 3. the order-d
contributes to the equations of motion (see equation (24)). After deriving the spherically symmetric solutions of these models, we will make a brief comment on this third point, which is related to the normalization 1 2−i that we used in the definition of S i . From the definitions (7) and (8), we see that
Therefore, providing that α −2 = −2l 2 Λ, β −2 = 0, α −1 = β −1 = 0 and α 0 = β 0 = 2, our action can be rewritten for any spacetimes as
from which the equations of motion and solutions can be written in a very compact form.
Covariant 2-dimensional Equations of motion
Using (11) and (9), and noting that in spacetimes (2), the determinant of the metric splits into
, we can integrate out the angular part of the action, what gives, discarding boundary terms, the dimensionally reduced action :
with
is the volume of the 2-dimensional sphere of radius unity Ω 1 and σ is the determinant of the 2-dimensional metric on this space.
The variation of I 2D with respect to the metric γ AB of Σ and to the scalar field r(x) on Σ gives :
from which follows the equations of motion given by the 4-dimensional curvature tensor E µν and the Stress-energy tensor T µν obeying the symmetry (2) :
The other components of T µν and E µν are vanishing.
In order to find the vacuum solutions of these equations of motion, the simplest way is to use the Weyl method, what is possible due to the principle of symmetric criticality [160, 161] applied to spherically symmetric spacetimes.
Going back to the 4 dimensional case, the action is :
To apply the Weyl method, we follow closely [162] , where it was applied to GR, and choose the following gauge :
for which the S-term of the action gives (discarding boundary terms) :
where dots and primes are derivatives with respect to time and radius respectively. It makes the action proportional to :
Because the cross term (2bf dr dt) in the metric can be reabsorbed by a gauge transformation, we can derive the equations of motion with respect to a, b and f , and then evaluate the result for 
Comparing with the Weyl approach in Einstein gravity shows the close similarity between this first and our generalizations.
Vacuum solutions : Rational regular black holes
The first equation of motion gives b(t, r) = b(t) what can be reabsorbed by transformation of time coordinate, the third one gives a(t, r) = a(r) and the second one :
with M the integration constant, and,
This proves that this model satisfies Birkhoff theorem (see [162] ). Now, defining γ i = β i − αi 1−i , we get the general solution depending on the maximal order of correction, given by m, on the length scale of the Lagrangian l, on the integration constant M and on the dimensionless sets of coupling constants α i and β i :
Except for the logarithmic term, these solutions are all the rational black holes with no mass terms at the denominator (unlike Hayward black hole for example) and they can be made regular if we consider corrections greater than the critical order o = d, as shown in [108] . In 4 dimensions, we therefore need to consider at least an order 5 correction, corresponding to m = 3. Note, en passant, that these models share some similarities with Lovelock-Lanczos gravity, because also here the critical order (o = d) scalar gives a topological invariant of the manifold. In our case, and for spherically symmetric spacetimes, if S i is defined in (7) without its normalization 1 d−2−i , the term :
gives (up to boundary terms) the Euler density of the 2-dimensional manifold Σ (and therefore its Euler characteristic), for any dimensions d > 3, as shown in [108] , while for Lovelock-Lanczos gravity, the critical order scalar gives, for any background, the Euler density of the full d-dimensional manifold. This is the reason why we are using this normalization, so that the critical order scalar contributes to the equations of motion.
First correction : Poisson-Israel regular black hole
Now let's consider the smallest order of correction for which the black hole solution (23) can be made regular, namely m = 3 (odd order 5 correction). The corresponding solution is
However, as shown in [108] , we need to impose γ 2 = γ 3 = α 1 = 0 and β 3 = 0 in order to have a (A)dS core at the center of the black hole, removing the singularity. Then, close to r = 0, the solution looks like
Concerning the behavior of these cosmological regular black holes at infinity, the usual Schwarzschildde Sitter asymptotic are slightly modified and it gives :
Therefore the UV corrections can have small, but non-vanishing effects in the IR. Indeed, we see that the modifications are combining both l and Λ, i.e. the high and low energy scales describing these black holes, and are affecting both the Minkowskian part (of order unity) and the Schwarzschild part (of order r −1
), and add a term proportional to r. While these modifications could be interesting by allowing to constraint the value of the length scale l, they are nonetheless extremely weak, so we will only consider here a minimal modification to Schwarzschild-de Sitter behavior, setting then β 2 = β 1 = 0. What remains in (28) is only an effective mass term M ef f :
(28) it can be reabsorbed into l, and for convenience we set β 3 = 2. The solution is therefore,
which is the well-known Poisson-Israel regular black hole that has been found by a semi-classical argument involving the vacuum energy-density in [119] , and from a 2-dimensional dilaton gravity model in [121] and [122] , where it was also studied in details. This shows that this non-singular spacetime can be found from the following (odd) order-5 correction to Einstein Hilbert action :
Second correction : Non-minimal Einstein-Yang-Mills regular black hole
Now let's turn to the second correction m = 4. Now that we have seen the possible new behavior of these kind of regular black holes at infinity, we start with the following action, that consists only in an order-(4 + 6) correction.
where we have used R(Ω) = 2R and we have replaced the parameter l by q b and Q m that have respectively the dimensions of an area and a length. The spherically symmetric solutions are :
, and a(r) = 1 − r
The replacement of constant is made in order to emphasized that this gravitational action has the same spherically symmetric gravitational equations of motion and solution that the so-called non-minimal Einstein-Yang-Mills theory (see [100] and [101] ), defined by the action
where the gauge group is SU (2), and R ikmn is the non-minimal susceptibility tensor defined by :
The ansatz for solving the Yang-Mills field equations is a Wu-Yang monopole (see [99] for details). In this theory, the parameter Q m is the magnetic charge of this monopole (an integration constant), whereas in (31), it is a dimensionful coupling constant. Imposing this monopole solution reduces the gravitational field equations to the same as those of (31), meaning that its contribution to the spherically symmetric gravitational field equations can be reabsorbed into gravitational scalars, the first term F , what makes indeed the second term an order-6 one.
These regular black holes were studied in details in [100] and [101] . An interesting feature that was noted is that, since q b > 0 in order to have regular solutions, their behavior close to the origin is :
We see that these black holes have an AdS core, instead of the usual dS one, what produces a small cavity close to r = 0. Note also that they have the standard Schwarzschild-dS asymptotic :
Limiting curvature conjecture & physical regular black holes
Up to now, we have tried to impose some simple requirements at the level of the action, in order to see what kind of theory and solution could come out. We have found that a minimal generalization of EH action in spherical symmetry, in the form of an effective-like action, admits as solutions all the rational regular black holes with no mass term at the denominator. This last point is crucial because it implies that all these RBHs have a well-known pathology (see for example [38] ) : they do not have bounded invariants with respect to the mass M . Indeed, the Ricci scalars of the PI and NMYM solutions behave respectively as follows :
and setting to zero the cosmological constant,
Here a distinction can be made : the PI solution has not even a bounded curvature at r = 0, while the NMYM one does. However, for non vanishing finite radius r, both behave as : R −→ M→∞ ∞, and it is the same for the other invariants, and for higher order m solutions of this model. This unboundedness makes the inner horizon of these black holes arbitrary small as the mass grows, as one can checked by solving a(r inner ) = 0. If we consider, for simplicity, that l is small compared to the mass M , then it gives for the PI solution (29) : r inner ≈ l More generally, we could say that regular black holes can be divided into two classes, one for which the curvature is unbounded with respect to the mass (as in our solutions, among which the Poisson-Israel and Non-minimal-Yang-Mills RBHs, and also for example the non-commutative geometry inspired models [39] ), and another class for which the curvature is bounded. For example the well-known Hayward regular black hole [40] is precisely designed in order to cure the pathology of the Poisson-Israel one. The metric and its associated Ricci scalar are :
which satisfies the Limiting Curvature Conjecture, meaning that all the invariants are bounded by one universal constant l (see [29, 67] and [41] ), which in turn, makes the inner horizon radius bounded from below by this constant l. Indeed, when l is small compared to the mass M , it gives :
From this observation, there are three possible directions to go : either one wants to consider unbounded RBHs, and thus has to reject the LCC, or one finds a mechanism that provides a natural cut-off mass M max which would allow to have bounded curvature invariants for the first class, or one considers only the second class, in which the Hayward spacetime belongs, but then one needs to understand what types of action produce these solutions. In [108] , we proposed a possible argument involving the presence of a positive cosmological constant, Λ > 0, in order to have such maximal mass M max and thus, to have bounded invariants for the first class of regular black holes.
However, the third possibility, i.e. to directly consider bounded RBHs like the Hayward one, is the simpler one and also the more satisfactory. Because, as we saw, RBHs that do not satisfy the Limiting Curvature Conjecture (bounded curvature invariants by a single constant), do not satisfy neither the Bronstein argument (see [163, 164] and [165] for a modern formulation), stating that there should be theoretically a minimal measurable size for BHs (and therefore, following the standard view about quantum mechanics, a physical minimal size, below which length does not make sense anymore). This argument is at the core of quantum gravity, as it combines both quantum field theory and general relativity concepts. However, for unbounded RBHs, we saw that the location of the inner horizon can be arbitrarily smaller than the Planck length, and therefore they do not encode this fundamental semi-classical argument. Fortunately, the non-polynomial gravity approach can also provide a general framework to find this type of regular solutions as we will see soon.
Before doing so, note that such a general framework is not only needed to find bounded regular black holes. In fact, there are many criterions in the literature that have been studied in order to understand what could be a self-consistent regular black holes. To list a few, such a physical RBH should solve the mass inflation problem of inner horizons, see for example [42, [166] [167] [168] , where it was found in this last that to do so, it might require a non trivial redshift function (corresponding in gauge (17) , to b(t, r)), encoding the time delay between the center and infinity. There is also other Cauchy horizon instabilities that should be cured [169] . Another criterion, would be for the effective metric to describe a Planck star (see [17] , what requires also a non-trivial redshift function [170, 171] . In this paper, it was also noted that a physical regular black hole should behave at infinity in accordance with the quantum corrections to the Newtonian potential. Of course, the study of energy conditions is also an important ingredient to study the physicality of RBHs. Finally, note that there also exist alternatives to static regular black holes, for example effective metric fields that describe a bounce under gravitational collapse of matter (see [68, [71] [72] [73] [74] [75] ). In this last paper, it was suggested that bounces and static RBHs could both be different final states of a gravitational collapse (if static RBHs are possible at all), depending on the initial conditions of the collapsing system.
A Unified Approach
In order to have a general tool to build black hole solutions corresponding to the previous requirements, we summarize here a proposition of unified approach (again, see [108] for details), based on a work by Kunstatter, Maeda and Taves [37] .
In this paper, the authors have generalized the 2-dimensional spherically symmetric reduction of the Lovelock-Lanczos action as the following scalar-tensor theory that leads to second order equations of motion :
where Z = γ AB∇ A r∇ B r. The question was raised to understand what subsets of these models can be lifted to higher dimensions, that is, what d-dimensional theory would give the action (40) after restricting the action to spherical symmetry and integrating out the angular part of the action to give the factor A (d−2) . Quite surprisingly, if we consider non-polynomial curvature invariants, the answer to this question is that the whole action can be lifted to any d > 3 dimension by considering the following action (see [108] for the general d-dimensional case and the explicit construction):
where R = 1/r 2 is defined by Eq(8) in terms of u αβ , and ω αβ is the 4-dimensional degenerate metric of Σ, built from u αβ as follows :
From it, one can build the following scalars :
which is just a kinetic term in which, roughly speaking, ω αβ plays the 4-dimensional role of the 2-dimensional scalar field r(x),
which plays the 4-dimensional role of the Ricci scalar of the 2-dimensional manifold Σ, and finally,
From these definitions, it is clear that the spherically symmetric sector of the action (41) is the same as action (40) .
Moreover, from this last, many bounded regular black hole solutions were found in [37] , from the Hayward one Eq(39), to a new one :
Interestingly, still in the mentioned paper by K.M.T., these two were also given an effective-like action interpretation, called Designer Lovelock, as a summation, up to infinite order, of the LovelockLanczos action, for suitably chosen coupling constants. Therefore, there exists a particular 4-dimensional action (41), involving non-polynomial curvature scalars, that has also these bounded regular black hole solutions and an effective-like action interpretation (a generalization of LovelockLovelock gravity) in spherically symmetric spacetimes. The drawback being that one needs necessarily to reconstruct the action from given solutions, or to fix an infinite number of coupling constants, in order to find (regular) solutions. Despite its own problems, it was not the case of the minimal generalization of Einstein theory presented before.
Cosmological bounce
We have just seen that by extending Lovelock-Lanczos gravity, in any dimensions, to higher orders than the critical order o = d (above which all the Lovelock scalars vanish identically), it is possible to get regular solutions. This is only possible by considering non-polynomial scalars that allow to circumvent Lovelock theorem [110, 172, 173] .
It was found in [174, 175] that this is also the case for cosmology : a Lovelock-like modification to the Friedmann equations (i.e. a polynomial correction in the Hubble parameter H =ȧ a , see [176] [177] [178] ), that is extended beyond the critical order, is able to reproduce the loop quantum cosmology bounce solution, and therefore to solve the singularity problem in the cosmological context. Just like before, the drawback is that an infinite number of coupling constants have to be fixed. In [124] , we showed that these Lovelock-like modifications admit a very simple non-polynomial gravity formulation as we will see now.
First, because the Cotton tensor is vanishing identically for homogeneous and isotropic metric fields, defined by the interval
we need to consider another order-0 tensor. As shown in [124] , we can use the following one (that is also an order-0 tensor for static spherically symmetric spacetimes):
from which we can construct second order scalars :
such that
Then we consider the following action :
where I m is the matter action, n m is the generalized binomial coefficient defined by
Γ(m+1)Γ(n−m+1) , and we have defined the dimensionless curvature invariant S = 3 2πρc K, with ρ c playing the role of critical density.
Deriving the equation of motion with respect to N (t) and then setting N (t) = 1 due to time reparametrization invariance, leads to the following modification of Friedmann equation :
Expending in ρ c , it is clear that it is just a Lovelock-like polynomial correction to Friedmann equation, that goes up to infinite order, and with suitably chosen coupling constants. In this sense, this is the analogue of the Lovelock Designer theories found in [37] . Now, solving in H 2 gives the well-known loop quantum cosmology modification [125] [126] [127] [128] ]
It was shown in [124] that, considering a perfect fluid with equation of state p = wρ, the solutions to this equation and the energy conservation equation
are
andρ (t) = − 2Λ(−1 + Λµ)
whereρ = 8πρ, µ = 1 8πρc and a 0 is an integration constant. These are regular solutions, providing that µ = 0.
Note that, in the context of modified gravity models, this correction to the Friedmann equation and the associated bounce solution has also been found in the context of mimetic scalar-tensor theories in [179] [180] [181] (see [182] [183] [184] [185] [186] [187] [188] [189] for more details about mimetic gravity, while its generalization to F (R) and for F (R) ghost-free models see [191, 192] . Furthermore, polynomial and second order corrections to Friedmann equation have been found from a Galileon inspired action in [190] and from non-polynomial invariants in [157] .
The fluid approach
Finally, we will conclude this review by a popular approach to deal with the singularity issue : to reconstruct the stress-energy tensor, i.e. the matter content, possibly exotic, given regular ansatz. We present the approach, with some additional remarks on the method. It is also worth to notice that the fluid approach can be viewed as an effective version of a Lagrangian approach, where the whole covariant form of the Lagrangian is still inaccessible.
Let us introduce the effective density T 0 0 = −ρ, the effective radial pressure p r = T 1 1 and the effective tangential pressure p T = T 2 2 = T 3 3 , T µν being the components of the stress-energy tensor. As a result, in the gauge (5), the gravitational equations reduce to
These equations must be supplemented by an equation of state, say p r = ωρ.
It should be noted that if one is looking for solutions with f = g, then there is a drastic simplification and, as consequence, one has p r = −ρ and p T = −ρ − r 2 ρ ′ , this being equivalent to stress tensor conservation ∇ µ T µν = 0 (Bianchi identity). As a result, the general solution reads
The quantity m(r) is called mass function.
If the effective density ρ does not depend on f (r), and its derivatives, it cannot depend on the constant C, and as a consequence the model described by the above gravitational equations contains the C r term, and this leads to a central singularity in r = 0, as soon as C is not vanishing. This is independent on the contribution coming from f 1 (r). This result is known within the NED approach (see for example [148] and original references cited therein).
Furthermore, after having chosen C = 0, invoking a suitable boundary condition, one has to make a suitable choice for ρ(r) in order to have a de Sitter core at r = 0. Well known examples are the choices ρ(r) ≡ ρ 0 e Some remarks are in order. First, within this fluid approach, one should observe that the radial speed of sound reads v 2 r = dpr dρ = −1, thus is negative. As a consequence, in general, the static regular solution is unstable [193] .
Since f = g only if p r = −ρ and this generates an imaginary speed of sound, one should drop the f = g condition; however, in this case the Einstein equations are much more difficult to solve and this general case will not be considered here.
in such a way that the singularity theorem assumptions are violated. While in section 2, we saw some geometrical modifications of Einstein Equations. One of the advantage of modifying the Geometrical content of the theory is that, by doing so, regular solutions are found already when a point-like mass is considered. Therefore, given more regular distributions of matter, these models might still provide regular solutions. On the contrary, if one modifies directly the matter content in a given way, it remains to be explained why every kind of matter should behave in this precise way at small distances. In this respect, non commutative geometry inspired models [39] are an exception, as they provide such an explanation.
More precisely, we saw in Section 1 that NED is about reconstruction of non-linear electrodynamics Lagrangians, given regular black holes ansatz. To our knowledge, there is no arguments to impose on the Lagrangian, in order to find regular solutions within this approach. Nonetheless, it is a powerful tool to reconstruct both regular solutions and an associated Lagrangian description in terms of a fundamental field. Moreover, even rotating solutions have been reconstructed from this approach [194] , which is a key step toward a better understanding of physical RBHs.
Similarly, we saw in Sec. 3 that many regular black holes found in the literature can be viewed as ansatz, from which some effective fluids are reconstructed to get the given solutions. Moreover, when f = g in (5), all the solutions present an instability due to a negative sound speed.
In Section 2, we summarized the non-polynomial approach [108] , and we have seen that it can constitute a unified approach to study d-dimensional effective spherically symmetric metric fields, in particular static RBHs, coming from a modification of the gravitational sector of Einstein field equations. In this way, RBHs can also be studied and classified in terms of the actions from which they are derived. In some cases, when the action is polynomial in spherical symmetry, it is also possible to associate an order to the corrections of Einstein Equations : for example we have seen that the family of Non-minimal Yang-Mills RBHs correspond to order 4 + 6 gravitational corrections, while the Poisson-Israel one corresponds to an order 5 correction. These regular black hole solutions are derived from a minimal generalization of Einstein gravity in spherically symmetric spacetimes, where the curvature invariants that modifies it can be interpreted as powers of the Ricci scalar of the horizon manifold, multiplied by a suitable scalar able to preserve the GR structure in spherical symmetry, and related to the Euler characteristic of the 2D submanifold.
However, some pathologies are present in these RBHs, namely, they do not satisfy the Limiting Curvature Conjecture, and thus, they have unbounded curvature with respect to the mass, and the location of their inner horizons is not bounded from below. This is a very general issue about static regular black holes, and many others found in the literature suffer from the same pathology.
We reviewed an NPG approach that allows to find a four dimensional expression of two dimensional dilaton gravity reduction models, used to study the quantum properties of black holes such as their evaporations. Because these models admit bounded regular black holes, so does the NPG generalization. In particular, the Hayward metric and recently proposed regular black hole are bounded, and are possible to derive from a generalization of Lovelock-Lanczos gravity, beyond the critical order. This is also the case, in the context of cosmology, of the LQC bounce solution. Indeed, we presented a NPG modification to the Friedmann equation, that also involve Lovelocklike terms, and upon choosing suitably an infinite set of dimensionless coupling constants, it is able to mimic the LQC bounce solution.
From these two sectors, homogeneous and isotropic cosmology and spherical black holes, we see that Lovelock-type modifications to Einstein field equations, providing that it goes beyond the critical order, where normally all the Lovelock scalar are identically vanishing, is a quite efficient way to produce regular solutions.
Within these 2D models and their NPG generalization, and within NED and fluid approaches, it remains to be seen if bounded RBHs can be found to solve the mass-inflation problem and other instabilities, inherent to the presence of an inner horizon. Moreover, even if possible, one needs to understand also if a formation of these static RBHs by gravitational collapse is possible, and if rotating solutions exist.
It should also be observed that there exist other modified gravity models like F (R), F (G), nonminimal F (R)-matter models (for a review see [195, 196] ) in which G is the Gauss-Bonnet invariant, and able to describe inflation, bounce and late acceleration. For these models, in principle, it should be possible to find regular solutions. In fact, making use of the results contained in [157] , it is not difficult to write down an action, which within a flat FLRW space-time leads to modified Friedmann equation (53) . However, this action is only fine for the flat FLRW space-times, since in the case of a static black hole can produce field equations of order higher than 2. On the other hand, our NPG Lagrangians work well also in spherically symmetric static space-times.
It should also be noted that the whole discussion within the framework of an F (R) or F (G) theory is hugely complicated and turns out to be difficult to obtain fully analytical results (see e.g. [197] , [198] ).
Finally, we presented in the Appendix a covariant form of the Sakharov criterion to probe if spacetimes are singular or not. It would also be interesting to try to extend this result to the rotating case, what might also help to understand what kind of theories would admit rotating regular black holes.
Appendix
We start this Appendix with a review of some standard topics, necessary to discuss a covariant form of the regularity criterion, which reduces to the standard Sakharov criterion for static spherically symmetric spacetimes.
Spherically symmetric spacetimes
We mainly restrict our analysis on spherically symmetric dynamical spacetime, admitting a dynamical horizon. In the following, for the sake of completeness, we briefly review the general formalism we shall be dealing with [199] [200] [201] [202] . Recall that any spherically symmetric metric can locally be expressed in the form (here in four dimensions)
where the two-dimensional metric
is sometimes referred to as the normal metric, {x A } are associated coordinates and r(x) is the areal radius, considered as a scalar field in the two-dimensional normal space. As for dΩ 2 k , it is a maximally symmetric space, whose metric is
Thus, for k = 1, one has the two sphere S 2 , for k = 0 the two-dimensional torus T
2
, and for k = −1, the two dimensional Riemann Surface H 2 /Γ. A relevant scalar quantity in the reduced normal space is
since the dynamical trapping horizon, if it exists, is defined by
providing that ∂ A Z| H = 0.
Another important normal-space scalar is the Hayward surface gravity associated with this dynamical horizon, given by
This is a generalization of the usual Killing surface gravity. In a spherically symmetric dynamical case, it also is possible to introduce the Kodama vector field K. Given the metric (1), the Kodama vector components are
where ε AB is the usual fully antisymmetric tensor. We may introduce the Kodama trajectories, and related Kodama observer, by means of integral lines of Kodama vector
As a result, d r(x(λ)) dλ = 0 . Thus, in a generic spherically symmetric spacetimes, the areal radius r is conserved along Kodama trajectories. In other word, a Kodama observer is characterized by the condition r = r 0 . The operational interpretation goes as follows. Static observers in static BH become in the dynamical case Kodama observers whose velocity
The energy measured by this Kodama observer at fixed areal radius r 0 is
where I is the classical action of the relativistic particle and ω = −K A ∂ A I, its Kodama energy, and ∂ A I being its momentum.
Singular and regular spacetimes
As mentioned in [203] , if the spacetime is sufficiently smooth, and one assume suitable geometric condition on the Ricci tensor, plus causality and boundary conditions then there exist non spacelike inextensible geodesics. This is usually accepted as the presence of singular spacetimes. For a complete discussion see the well known monography [150] and [203] . For the inflationary case see also [204] and the papers quoted there.
Non-spacelike geodesics in curved spacetimes
Now, we recall the well known derivation of geodesics equation related to massless (light-like) geodesics and massive (time-like geodesics). To begin with, let us start from the generic metric
Let us denote byẋ µ = dx µ dλ , λ an affine parameter. The geodesic equation for non-spacelike geodesics may be derived from the Lagrangian
where V is the einbein, a Lagrangian multipliers, implementing the reparametrization invariant and m 2 is a mass like term, which is positive for timelike geodesics and vanishing for lightlike geodesics. In fact, the variation with respect to V gives
Now for lightlike geodesics, we have m 2 = 0, while for timelike geodesics we may take V 2 m 2 = −1. The geodesics equations can be obtained making the variation with respect to x µ , namely
Static Spherically Symmetric spacetimes
After these general discussion, here we deal with some examples of SSS spacetimes. For an SSS spacetimes in the Schwarzschild diagonal gauge, namely
a well known criterion is the existence of a de Sitter core at the center, namely for small r, one should have f (r) = 1 − Ar 2 + .... Another criterion has been presented in [203] . In diagonal gauge,
for small ρ, one has to have r(ρ) = ρ − Aρ 3 + ..., and F (ρ) smooth, namely F (ρ) = F 0 + O(ρ).
The FLRW spacetime
Now let us recall the FLRW spacetime form
Then, the geodesic equation reads
where for timelike trajectories ε = 1, and for lightlike ones ε = 0. The solution of above differential equation readsṫ = dt dλ = a 2 0 + εa(t) 2 a(t) .
Past-incompleteness in FLRW
The above result permits a quite simple discussion on the geodesic completeness in FLRW spacetimes. In fact, we may rewrite dλ dt = a(t)
If a(t) is always positive and never vanishing for all t, it follows that λ is a monotone function, and one has the geodesic completeness. Furthermore, a further integration gives
If a(t) > 0, we may write
If this integral is divergent all non space-like geodesics are past-complete, and no singularities are present.
If a(t) is vanishing in the past, say a(0) = 0, we may write
If this integral is convergent, one has past incomplete geodesics, and thus singularities are present. First elementary example is the flat FLRW bounce solution a(t) = 1 + A 2 t 2 > 0 .
In this case ε = 0, and the integral (22) is divergent, thus no singularities. The second one is a(t) = t α , α > 0 .
In this case, the integral (23) is convergent and there is a Big Bang singularity at t = 0. Another result is the following [203, 205] : if H(t 0 ) > 0 for some t 0 and if R µν u µ u ν ≥ 0, then a(t) is vanishing in the past, say a(0) = 0, then one has past-incomplete geodesic.
Following [205] these results can be extended to future singularities. Summarizing, in a FLRW spacetime if a(t) > 0 for all t, there are no singularities.
5.3
The covariant form for the regularity criterion
In order to formulate the regularity criterion in a covariant form, we work within the metric (1), and we introduce the invariant scalar in the reduced spacetime, and thus scalar in the whole spacetime, defined by
The regularity criterion then states: a Dynamical Spherically Symmetric spacetime is regular as soon as the invariant quantity Φ is bounded for every x of the associated spacetimes.
It should be noted that in GR, the invariant Φ is related to Misner-Sharp energy by
namely, the criterion states that one has a regular DSS spacetime as soon as the Misner-Sharp density is finite everywhere. First, let us consider a static SS spacetime in the Schwarzschild diagonal gauge, namely
In this gauge, the coordinate r is the area radius, and one has Z(r) = f (r) .
We recall that the metric represents a BH solution if there exists r H > 0 such that f (r H ) = 0. If we apply the above criterion, we see that a critical point is r = 0. Thus, for small r, one has to require
Thus, for spherical horizon, one obtains f (r) = 1 − Ar 2 + O(r 3 ), namely the existence of a de Sitter core at the origin. For example, one of the simplest regular BH is the one proposed by Hayward (see also [28] ), f (r) = 1 − 2mr 2 r 3 + ml 2 .
In this case Φ(r) = 2m r 3 + ml 2 ,
which is bounded as soon as l, Hayward parameter, is not vanishing. Of course, the de Sitter space time in the static patch, obviously statisfies the regularity criterion, since f (r) = 1 − H In the other gauge where the SSS reads
one has Z(ρ) = ( dr dρ )
2
. Thus, for small r, namely for small ρ, one has
and one gets the differential equation
the solution being r(ρ) = tan( √ Aρ)
A + tan 2 ( √ Aρ)
recovering the criterion presented in [203] . As final remark for the SSS spacetimes, we observe that the requirement Φ(r) = 1−f (r) r 2 bounded for every r implies that asymptotically f (r) goes at least has r 2 for large r. Let us now consider a non-flat FLRW spacetime
where R 0 is a curvature parameter, namely R 0 can be positive, negative or vanishing. One can compute the invariant Φ in this case, and with the choice c κ = 1, one has Φ = R 0 +ȧ(t) a(t) .
As a consequence, the condition Φ bounded gives a(t) = 0 for every t. Previously, we have shown that this is equivalent to the geodesics completeness of the related spacetime.
As a simple check, we again consider the de Sitter space, first in the cosmological flat patch,
and one has Φ 0 = H 
Again the result is Φ 0 = H 2 0 . In this form, as well known, dS is geodesic complete in the past and future.
